We investigate spatiotemporal vortex rings with phase dislocation both in space and time. It is demonstrated that these structures naturally appear as a periodical in time edge phase dislocation at the low-density region of a perturbed atomic Bose-Einstein condensate. The condition of formation, dynamics and stability of the spatiotemporal vortex rings are investigated for repulsive and attractive interatomic interactions. These theoretical findings open up a perspective for experimental observation of novel type of topological coherent structures in ultracold gases.
I. INTRODUCTION
Formation of vortex rings is a universal phenomenon observed in classical and quantum fluids of different nature. In quantum liquids the well known example is quantized vortex rings in superfluid helium, discovery of which has greatly increased interest in vortex rings with very thin cores. Vortex rings play a crucial role in the decay of superflow and in quantum turbulence in helium liquids and atomic Bose-Einstein condensates (BECs) [1] . While rapid progress has been made in the theoretical studies [2] [3] [4] [5] [6] of quantized vortex rings, there has not been comparable progress in laboratory studies of vortex rings. Difficulties ensue not only with experimental detection of the vortex rings in the condensate bulk but also with their unstable evolution in trapped atomic BECs. As the result of this instability vortex rings in realistic inhomogeneous BECs either drift to an edge of the condensate, where they decay into elementary excitations, or shrink and annihilate within the condensate bulk. In work [7] we have suggested an experimentally feasible trapping configuration (optical tweezers) that can be used for creation, stabilization, and manipulation of a vortex ring in a controllable and nondestructive manner. Using rotating trap of similar geometry it is possible to stabilize even more complex topological structures known as Hopf solitons [8] .
Further prospective ways for generation novel type of vortex rings in atomic BECs can be inspired by recent findings in physics of optical vortices. A remarkable example of spontaneous vortex ring nucleation has been revealed in self-saturating [9] and nonlocal [10] optical nonlinear media. Formation of the vortex rings at the periphery of the wave beam in optical media is a consequence of the nonlinear phase accumulation between the soliton peak and its tail. As was discovered in Ref. [9] phase singularities nucleate if this phase difference reaches the value of π during propagation along z axis. Optical vortex rings (in contrast to vortex rings in BECs) are static in time and appear when nonlinear phase of the self-trapped light beam breaks the wave front into a sequence of optical vortex loops around the perturbed fundamental soliton. The spatial optical vortex is associated with region of space with field null line around which electromagnetic energy density circulates. But in general, beam propagation is not described only by its spatial features, and temporal evolution of the wave beam parameters should be taken into account as well. As known, dynamics of optical pulsed beams with spatiotemporal amplitude and phase modulation is governed by diffraction and dispersion effects. This provides a new insight on the spatiotemporally localized waves, called spatiotemporal vortices, drawing on analogy with spatial screw phase dislocations [11] . Spatiotemporal optical vortices have been theoretically predicted [11, 12] and very recently experimentally observed [13] during self-focusing collapse of wave beam in air.
One of the goal of this work is to find the conditions for formation of spatiotemporal vortex rings and describe their general properties in atomic BEC. Our idea is based on the well known analogy [14] between two mathematical models: nonlinear Schrödinger equation describing propagation in the z direction of the wave beam in nonlinear optical media and Gross-Pitaevskii equation (GPE) describing evolution in time t of BEC wave function. It would appear reasonable that a sequence of spatiotemporal vortex loops arises around the perturbed matter-wave soliton similar to a sequence of spatial vortex rings around perturbed optical soliton [9] . These matter wave spatiotemporal vortex rings should appear as a periodically forming circular edge phase dislocation at the periphery of the condensate cloud.
The paper is organized as follows. In Sec. II, we describe model. We take into account both two-particle and threeparticle interactions which can be described by GPE with cubic-quintic nonlinearity. In Sec. III we study dynamics of radially perturbed two-dimensional BEC in a harmonic trap and investigate a possibility of spatiotemporal vortex ring nucleation. It turns out that these structures are not observable in trappped BEC due to sharp decay of the condensate density at the periphery of condensate. In Sec. IV we demonstrate that spatiotemporal vortex rings can be observed in a condensate with attractive two-particle and repulsive three-particle interactions without external potential.
II. MODEL
Dynamical properties of ultracold dilute atomic BECs can be accurately described by the mean-field Gross-Pitaevskii equation [15] :
where Ψ is the macroscopic wave function of the condensate, V ext (r) is the external trapping potential,h is the Planck constant, M is the atomic mass, g 2 describes the two-particle interaction between atoms in the condensate and has the form g 2 = −4πh 2 a s /M where a s is the s-wave scattering length (positive for repulsive interatomic interaction and negative for attractive interaction). Parameter g 3 corresponds to the strength of three-particle repulsive interaction [16] [17] [18] . Here we take into account only conservative part of three-particle interaction. Thus Eq. (1) conserves the norm of the condensate wave function Ψ that is equivalent to the number of atoms:
and energy:
We consider a radially-symmetric time-independent harmonic trapping potential
where r 2 = x 2 + y 2 , ω ⊥ is the trap frequency in the transverse plane, ω z is the longitudinal trapping frequency. For ω z ≫ ω ⊥ the condensate has a disk-shaped form (the longitudinal oscillator length is small comparing to the transverse size) and can be described by quasi two-dimensional (2D) wave function ψ(r, t). We assume that the system is tightly confined in the z direction
where
2 z is the ground state wave function in the oscillatory potential
is an oscillatory length in the z direction. After integrating out the longitudinal coordinates in the Eq. (1), we obtain 2D GPE considered in the following sections.
III. DYNAMICS OF PERTURBED TWO-DIMENSIONAL SOLITONS IN TRAPPED BECS
In the model describing ultracold dilute atomic 2D BEC in radial harmonic trap V ⊥ (r) = M ω 2 ⊥ r 2 /2 three particle interactions can be neglected (g 3 = 0) and stationary soliton solutions exist both for attractive (g 2 > 0) and repulsive (g 2 < 0) two-particle interactions. In terms of harmonic oscillator units [ 
where ψ is dimensionless wave-function and g is the dimensionless 2D interaction constant, r is the polar radius. Stationary soliton solution can be found as ψ(r, t) = e −iµt Ψ(r) by solving equation
were µ is a chemical potential. Stationary solution characterized by constant density distribution so any voices cannot appear during evolution. But additional radially-symmetric perturbations in the initial condition can lead to the vortex formation. As perturbation we use
where a is a parameter of deformation. It's possible to stretch or extend the disc-shaped condensate in the radial direction by using external field (we only use radially-symmetric perturbations with a > 1) and then release it at the moment of time t = 0. We use the split-step (Fourier) method [19, 20] to find numerically solutions of Eq. (6) for different N . We consider BEC of N = 175 of 23 Na atoms in the harmonic trap with the following parameters: ω ⊥ = 75 Hz, ω z = 750 Hz, g = −0.018. An example of the time evolution of the condensate is shown in Fig. 1 (a) . Slice y = 0 as a function of time is a spatiotemporal distribution of the condensate. An example of the spatiotemporal distribution of phase and density are shown in Fig. 1 (b) . Vortices in a complex wavefunction are characterised by a phase circulation about the vortex core, and also by a positive curvature of the probability density. In small density regions wavefunction has little physical significance, but phase fluctuates wildly [21] . We use the Wavelet denoising toolbox (Matlab) to clean the low-density region of numerical artifacts to consider phase structure. The vortex detector couldn't find any vortex core after the denoising procedure. It could therefore be stated that there were no spatiotemporal vortices in the system. The same results for the systems with repulsive two-particle interaction (see Fig. 2 (a) and (b) ). Various sets of system parameters has been checked but none of them didn't allow us to detect the spatiotemporal vortex.
It is clear that external trapping potential plays a key role in the character of the system dynamics at the condensate low-density region. Thus, even strong perturbation (a = 2, 3, 5) cannot lead to the vortex formation. However, an external potential is not necessarily required for self-sustained condensates supported by nonlinear interactions in BEC. Various nonlinear effects can lead to formation of stable localized coherent structures as well. In the following section we consider atomic cloud without external trapping potential where attractive two-particle interactions are balanced by repulsive three-particle interactions.
IV. SPATIOTEMPORAL VORTEX RINGS IN A TRAPLESS BEC
The stationary solutions of the GPE Eq. (1) without external potential are known to be unstable with respect to collapse for attractive interaction and has no localized stationary solutions for repulsive interactions. Account on two-particle interactions and neglecting higher-order effects gives an adequate approximation for the dilute condensate trapped by external potential. However in the trapless condensate with attractive two-particle interactions higherorder effects, such as repulsive three-particle interactions, can play a crucial role since it can arrest a catastrophic collapse of the condensate. The model can be improved by adding a repulsive quintic nonlinear interaction term in Eq. (6). The dimensionless 2D GPE then acquires the form
where D, g 2 and g 3 are dimensionless. The value of the three-body coupling constant g 3 should be small comparing to the two-particle coupling constant g 2 . Such model is well known as a model with cubic-quintic nonlinearity in nonlinear optics [22] and physics of ultracold atoms.
We have the freedom of choice of ω z so for simplicity we choose ω z = 1 Hz. In the Eq. (9) with two-particle attractive and three-particle repulsive interaction both constants g 2 and g 3 are positive. Consider a change of coordinates ψ(r, t) → Ψ(ρ, τ ), where Ψ(ρ) = ψ(r) g 3 /g 2 , ρ = r g 2 2 /(Dg 3 ), τ = tg 2 2 /(µg 3 ), were µ is a dimensionless chemical potential. Therefore Eq. (9) can be rewritten in form
It is also convenient to define a rescaled chemical potential λ = µg 3 /g 2 2 . The real number of atoms (physical) can be found by N phys = l z N/(4 √ 2πa s ), where N is the norm of the new condensate wave function Ψ(ρ, τ ). To find a stationary state of Eq. (10), we write Ψ(ρ, t) = ψ(ρ) exp (−iλt) :
We use the Thomas algorithm [20] to find stationary solution of Eq. (11). This algorithm allows us to find stable soliton solutions in the range of λ from −0.152 to 0. The range can be extended using another method, for example, "shooting" method [22] . Dynamical simulations of the perturbed stationary state demonstrate the spatiotemporal vortex ring (STVR) formation for strong perturbations (a > 1.5). And it is noteworthy that we have not observed STVR in the systems with small perturbations. The spatiotemporal vortex for small |λ| is shown in Fig. 3 . By analogy with the previous section Fig. 3 (a) represents a slice y = 0 as a function of time. At the equal time intervals two easily distinguishable points with phase winding appear. The one with a clock-wise winding and the other one with anticlock-wise winding which correspond to the vortex and antivortex responsibly. Combining this with data for other slices (y = 0) we build (2+1)D graph of all winding points in Fig. 3 (b) . It's remarkable that the radius of STVR is a periodic function of time when the Hamiltonian of this system isn't periodical. Therefore we can assume that continuous time-translation symmetry for this system is broken. STVR spontaneously appears in BECs so they can be related to the time crystals.
Time crystals are time-periodic self-organized structures that were recently described in [23, 24] . Those works raised a challenging issues of the existence of systems with spontaneously broken time-translation symmetry. In other words, how could a many-body system be self-organized in time to start a spontaneous periodic motion? It was anticipated that it is possible to prepare a many-body system in a state with an infinitesimally weak perturbation that will reveal periodic motion [24, 25] . It was expected that time crystals can appear even in the lowest energy states, but it was shown recently that this idea cannot be realized [26, 27] . However it was demonstrated experimentally that the discrete time translation symmetry can be spontaneously broken accompanied by discrete or Floquet time crystals nucleation [28] [29] [30] . The spatiotemporal vortices for bigger |λ| (the bottom edge of the stable soliton solutions range) are shown in Fig.  4 . STVR have more complex form for these parameters and they are not localized in time anymore (see Fig. 4 (b) ). STVR form can be changed by increasing the perturbation parameter. For example, in Fig. 5 shown a stabilization of the vortex form to ring-like shape after increasing the perturbation parameter by one third. It is worth to emphasise that in the low-density region more complex systems can occur (small rings, vortex threads, etc) but it's very unlikely that they can be detected experimentally. The ring's radius as a function of the numbers of particles in the condensate is shown in the inset in Fig. 6 for the same deformation parameter a = 1.5. The frequency of the STVR occurrences is increasing with increasing of the number of particles in the system (see Fig. 6 ). One can see, that the least deformed rings is the one with the smallest radius (see Fig. 5 ). The largest rings in the system are subject to significant fluctuations and, in some systems, have greatly deformed, up to the loss of their initial form and become transformed into other structures.
V. CONCLUSIONS
It was found the conditions for formation of spatiotemporal vortex rings in ultracold atomic gases. These vortex structures exhibit phase dislocation both in space and time. A sequence of spatiotemporal vortex rings appears as a periodical in time edge phase dislocation at the low-density region of a perturbed atomic Bose-Einstein condensate.
The dynamics of perturbed stationary soliton solutions of the Gross-Pitaevskii equation for two-dimensional condensate in the external trapping potential is investigated using numerical simulations. Both attractive and repulsive interparticle interactions are studied. It turns out that no spatiotemporal vortex rings can be detected when the trapping potential strongly suppress the condensate density at the periphery of the atomic cloud.
It is revealed that the spatiotemporal vortex rings can be trustworthy observed in the system without the external trapping potential supported by competing attractive two-particle and repulsive three-particle interactions. The sequence of spatiotemporal vortex rings for systems with different initial perturbations and number of particles are studied. It is found that the temporal period of the sequence of spatiotemporal vortex rings is mostly determined by number of particles, while the ring radius depends both on amplitude of the deformation and on the number of particles.
We hope that developed in this work theoretical findings open up the perspective for experimental observation of novel type of topological coherent structures in ultracold gases.
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